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The di!raction theory of Part 1 [1] for estimating the sound generated by low Mach
number #ow past the trailing edge of an airfoil of compact, but "nite thickness is applied to
investigate the noise produced by turbulent #ow over an edge whose upper surface pro"le
(the suction side) is rounded. The sound is expressed in terms of the &&upwash'' velocity
#uctuations that the same boundary layer turbulence would generate if the airfoil were
absent. An approximate method is proposed for expressing these #uctuations in terms of
local properties of the blocked pressure generated on the surface exposed to the turbulent
#ow. Predictions are made of the edge-noise spectrum for both fully attached #ow (that
remains attached right up to the trailing edge) and for cases where separation occurs on the
rounded pro"le. When premature separation occurs the amplitude of the edge-generated
sound decreases exponentially with increasing frequency, and predicted edge-noise levels are
signi"cantly smaller than estimates obtained when the airfoil is modelled by a rigid
half-plane. For attached #ow turbulence on the suction side of the airfoil always passes close
to the edge and interacts strongly with it, but contributions from the interaction of the same
turbulence with the pressure side of the airfoil are reduced because of the "nite airfoil
thickness. In this case sound levels fall short of those for a rigid half-plane typically by about
5}10 dB, the precise values being dependent on frequency, and on the ratio of the boundary
layer thickness to the mean airfoil thickness.

( 2000 Academic Press.
1. INTRODUCTION

Consider turbulent #ow at very small Mach number over the upper surface of the trailing
edge of an uncambered airfoil with a rounded upper surface edge pro"le, as illustrated in
Figure 1. The pro"le is the same for all spanwise locations, so that the edge is parallel to the
airfoil span. Airfoils of this type are frequently used in #ow noise tests [2}4], and the
simpli"ed edge geometry is convenient for validating numerical codes for edge-noise
prediction. Let the main stream outside the airfoil boundary layers have low subsonic speed
; in the x

1
direction of the rectangular co-ordinate axes (x

1
, x

2
, x

3
). The co-ordinate origin

O lies on the midplane of the airfoil in the &&vertical'' plane of the trailing edge A (see Figure
2(a)). The upper, rounded edge region extends over the interval !l(x

1
(0, and meets

the lower surface at A: x
1
"0, x

2
"!1

2
h. Upstream of the edge, for x

1
(l, the airfoil has

uniform thickness h and its upper and lower surfaces coincide with the planes x
2
"$1

2
h.

The mean circulation around the airfoil is assumed to be adjusted to make A a stagnation
point.

The theory of the self-noise generated at a trailing edge of "nite thickness was discussed in
Part 1 [1], which also includes a brief review of earlier theoretical work. When the airfoil
22-460X/00/300761#15 $35.00/0 ( 2000 Academic Press



Figure 1. Schematic low Mach number turbulent boundary layer #ow over a rounded trailing edge.

Figure 2. (a) Con"guration of the trailing edge and the coordinate system. (b) Mapping the region outside the
airfoil (in the plane of z"x

1
#ix

2
) onto the upperhalf of the f-plane.
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thickness h is acoustically compact, it was shown that the acoustic pressure p (x, t) in the far
"eld at x at time t can be rendered in the form

p(x, t)"P
=

~=

p(x, u)e~*utdu, (1)

p (x, u)+
o
0
i1@2
0

sin1@2t sin(h/2)e*i0
Dx D

pJ2pi Dx D Q
S
GiuU* (y)vIn

(y, u)#lX (y, u)'
LU*(y)

Ly
) nHdS (y),

Dx DPR, (2)
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where the integration is over the upper and lower surfaces S of the airfoil. The terms in this
formula are de"ned as

o
0
"mean #uid density,

i
0
"u/c

0
"acoustic wavenumber,

c
0
"speed of sound,

l"kinematic viscosity, (3)

X"curl v"vorticity, v"velocity,

sint"r/ Dx D , r"Jx2
1
#x2

2
,

sin h"x
2
/r.

Thus, (x
1
, x

2
)"r (cos h, sin h), and t is the angle between the radiation direction x/ Dx D and

the x
3
-axis (the airfoil span, out of the plane of the paper in Figure 1).

U*(x)"U*(x
1
, x

2
) is an auxiliary function that depends on the shape of the airfoil

trailing edge pro"le. It satis"es Laplace's equation and describes an incompressible,
irrotational #ow around the edge of the airfoil (in planes parallel to the x

1
x
2
-plane), and is

normalized such that

U*(x
1
, x

2
)Pu*(x

1
, x

2
),Jr sin(h/2) for Jx2

1
#x2

2
<h, (4)

where u*(x
1
, x

2
) is the corresponding potential of irrotational #ow (in the anticlockwise

direction) about the edge of the half-plane x
1
(0, x

2
"0.

The unit normal on S directed into the #uid is denoted by n, and v
In
"vI ) n is the normal

component of the &&upwash velocity''. This is de"ned by

Lv
I

Lt
"!curl P

V

curl(X' v) d3y

4pDx!y D
,curl P

V
A
LX
Lt

!l+ 2XB
d3y

4p Dx!y D
, (5)

where< is the region occupied by the #uid. The vortical boundary layer motion is assumed
to be well approximated at low Mach numbers by the Navier}Stokes equation for
incompressible #ow. In the viscous sublayer, close to the surface of the airfoil, the motion
becomes linear and

LX
Lt

!l+ 2X+0.

Outside the sublayer viscous di!usion is negligible, and l+ 2X may be discarded from the
second integrand of equation (5). The upwash velocity is then given by the Biot}Savart
formula [5]

vI (x, t)"curl P
Vd

X (y, t) d3y

4p Dx!y D
, (6)
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where the integration is con"ned to the non-linear region of the boundary layer <d outside
the viscous sublayer. This result implies that, in applications to #ows of very large Reynolds
numbers, where the dominant turbulent motions may be regarded as essentially inviscid,
possible contributions to the integral (6) from potential -ow bound vorticity on S must be
excluded.

Equation (6) de"nes the velocity vI in terms of the boundary layer vorticity when the
presence of the airfoil is ignored, i.e., when the volume enclosed by S is imagined to contain
#uid moving irrotationally at the induced velocity of the boundary layer vorticity. Of
course, prior to evaluating the upwash velocity from either of the representations (5) or (6),
the vorticity X(x, t) and #ow velocity v(x, t) must "rst be determined with full account taken
of the presence of the airfoil and of the no-slip condition on S.

The "rst term in the brace brackets of the integrand of equation (2) represents the
contribution to the edge noise from the normal surface stresses on S; the second term
determines the net contribution from the surface shear stress, and is usually neglected at
very high Reynolds numbers [1].

In Part 1, the two-dimensional version of equation (2) was used to examine the sound
generated during the mean #ow convection of a rectilinear vortex past the trailing edge of
Figure 1, including the in#uence of vortex shedding induced from the edge A. In this paper,
equation (2) will be applied to estimate the acoustic pressure frequency spectrum of the
high-frequency self-noise generated by turbulent #ow over the rounded edge pro"le. The
theory is formulated (in section 2) to enable account to be taken of changes in the mean
turbulent boundary layer characteristics with distance from the edge. In the theory of edge
noise generated by #ow over the edge of a thin plate airfoil [6}8], the properties of the
boundary layer turbulence are expressed in terms of the blocked wall pressure
wavenumber}frequency spectrum, measured or speci"ed empirically just upstream of the
edge. In the present formulation (section 3) it is assumed that the relevant frequencies are
su$ciently high such that the wavenumber}frequency spectrum of the upwash velocity
v
In

can be represented locally in terms of the blocked pressure spectrum, thereby permitting
acoustic predictions to be made in terms of measured or calculated turbulence parameters.
The Mach number is su$ciently small such that the blocked pressure can be calculated
from the incompressible equations of motion. Numerical results are presented in section
3 for fully attached and separated edge #ows, including a comparison with predictions of the
frozen approximation of references [6}8], according to which the boundary layer
turbulence is convected over the edge along a path parallel to the undisturbed mean stream.

2. FORMAL REPRESENTATION OF THE EDGE NOISE

Introduce a curvilinear co-ordinate system (s, so , x
3
), where s is measured along the

curvilinear stream lines of the potential function U*(x
1
, x

2
) in the clockwise direction,

so lies in the x
1
x
2
-plane, normal to the streamlines and directed away from the pro"le S of

the airfoil, on which we can take so"0 (Figure 2(a)). Then so'0 in the #uid, and on S,

v
In
" lim

so?~0

LU

Lso

(s, so , x
3
, u), lim

so?~0

L
Lso P

=

~=

U) (s, so , k
3
, u)e*k3x3 dk

3
, (7)

where U(s, so , x
3
, u), U) (s, so , k

3
, u) are, respectively, the upwash velocity potential and its

Fourier transform with respect to x
3
. This potential is well de"ned throughout the whole of

space where the vorticity X"0, including the region occupied by the airfoil.
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When the "nal representation in equation (7) is substituted for v
In

in equation (2), with
dS"dsdy

3
, the integration with respect to y

3
yields the delta function d (k

3
). In an exact

integral representation of the edge-generated sound (involving the speci"cation of
compressible data on S) the surface integral would actually yield d(k

3
!i

0
cos t), which

merely implies that only those Fourier components of v
In
(s, x

3
, u) that have supersonic

spanwise phase velocity Du/k
3
D'c

0
are responsible for the radiation of sound from the

edge. In other words, the only relevant wavenumbers are con"ned to the acoustic domain
Dk

3
D(Di

0
D , and correspond to variations in the spanwise direction occurring over distances

of the order of the acoustic wavelength. However, the dominant hydrodynamic motions
near the edge have length scales of the order of the boundary layer displacement thickness
d*;1/i

0
(1/ Dk

3
D . In the approximation of equation (2), i

0
d* is so small that we can take

k
3
"0.
When k

3
"0 and the source motion is regarded as incompressible, the velocity potential

U) (s, so , k
3
, u) satis"es Laplace's equation, which locally reduces to

A
L2

Ls2
#

L2

Ls2oB U(s, so , 0, u)"0.

The corresponding stream function W) (s, so , u), say, is related to U) (s, so , 0, u) by the
Cauchy}Riemann equations [5]

LW)

Ls
"!

LU)

Lso

(s, so , 0, u),
LW)

Lso

"

LU)

Ls
(s, so , 0, u). (8)

Hence, substituting from equation (7) into equation (2), and discarding the contribution to
the radiation from the surface shear stress, we "nd

p (x, u)+
o
0
u

Dx D S
2ii

0
p

sin1@2t sin (h/2)e*i0
Dx D P

=

~=

U*(y(s)) A
LU)

Lso

(s, so , 0, u)B
so/0

ds

"

!o
0
u

Dx D S
2ii

0
p

sin1@2t sin (h/2)e*i0
Dx D P

=

~=

U*(y(s))
LWK
Ls

(s, 0, u) ds, Dx DPR, (9)

where the integration is taken in the clockwise sense around the pro"le so"0 of the
airfoil S.

Since the noise sources are con"ned to the neighborhood of the trailing edge, we may
integrate by parts in the "nal line of equation (9) to express the radiation as a Stieltjes
integral

p(x, u)+
o
0
u

Dx D S
2ii

0
p

sin1@2t sin (h/2)e*i0
Dx D Q

S

U) (s, 0, u) dU*, Dx DPR, (10)

where the integration is in the clockwise direction about S. In section 3 it will be convenient
to evaluate the integral by setting z"x

1
#ix

2
, and mapping the region of the z-plane

outside the airfoil occupied by the #uid onto the upper half of the complex f-plane, such
that the airfoil pro"le S transforms into the real f-axis with the correspondence of boundary
points indicated in Figure 2(b). But, the potential U* is given in terms of f by

U*,U*(z)"!kRe f, k'0, (11)
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where k is a constant whose value depends on the shape of the trailing edge pro"le. Thus,
the acoustic pressure may be written as

p(x, u)+!

o
0
ku

Dx D S
2ii

0
p

sin1@2t sin (h/2)e*i0
Dx D P

=

~=

W) *(s (f), 0, u) df, Dx DPR, (12)

where the path of integration runs just above any singularities on the real axis.

3. MODELLING HIGH-FREQUENCY EDGE NOISE

3.1. CONFORMAL MAPPING

The #uid region bounded internally by a trailing edge pro"le of the type shown in Figure
2(a) is mapped into the upper f-plane by means of the transformation [1]

z

h
"

1

(1#a)
[ f (f, 1)#a f (f, b)], a'0, b'#1, (13)

where a and b are numerical constants, and

f (f, b)"!

4

n (1#b)2 Af#
b!1

2 BJf#bJf!1

#

1

p
ln CAf#

b!1

2 B#Jf#bJf!1D!
i

2
!

1

p
ln A

1#b
2 B . (14)

Equation (13) maps the real f-axis (Figure 2(b)) onto an airfoil pro"le S whose upper and
lower surfaces coincide with x

2
"$1

2
h, respectively, for Re f(!b and Re f'1. This

transformation divides the upper, rounded section of the trailing edge (between B and A in
Figure 2(a)) in two sections: the interval !b(Re f(!1 is the image of the section that
starts at B and terminates (at f"!1) at the top of a vertical &&end-face'' (x

1
"0,

!1
2
h(x

2
(!1

2
h#D) of thickness D, which corresponds to the interval !1(Re f(1.

The values of a and b are calculated by prescribing values for the geometrical ratios l/h and
D/h. As in Part 1, results presented in this paper are for

a"600, b"86)9370 (15)

which yield l/h"4 and D/h"0)0074. The corresponding airfoil pro"le is shown in Figure
2(a) (because D;h the end-face cannot be distinguished).

The coe$cient k in the de"nition (11) of U* is determined from condition (4), which is

equivalent to !kfP!iJz as Dz D/hPR, and supplies

k"S
h

p (1#a) A1#
4a

(1#b)2B . (16)

3.2. THE FROZEN APPROXIMATION

In the frozen approximation of thin airfoil theory [6}8] the boundary layer turbulence is
assumed to convect parallel to the undisturbed mean stream at a convection velocity ;

c
,
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which depends weakly on frequency u. When this is applied to the airfoil of Figure 2(a),
boundary layer eddies translate as frozen distributions of vorticity in the x

1
direction within

a boundary layer constrained to lie above the plate in the x
2
'1

2
h, so that the separation

streamline is parallel to the undisturbed mean #ow velocity, and extends downstream
parallel to the x

1
-axis. WK satis"es Laplace's equation in the region x

2
)1

2
h, where we can

write

WK (x
1
, x

2
, u)"P

=

~=

A(k, u)e*kx1~Dk D(h@2~x2) dk, x
2
)

1

2
h. (17)

It was shown in Part 1 (section 3.2) that the pressure #uctuations p
I
(x, t) in the region

x
2
)1

2
h that would be produced by the boundary layer turbulence if the presence of the

airfoil is ignored satis"es the linear relation LvI/Lt"(!1/o
0
)+p

I
, and it therefore follows by

applying this relation on x
2
&1

2
h that

A (k, u)"
sgn(k)

2o
0
u

p
s
(k, 0, u), (18)

p
s
(k, k

3
, u) being the Fourier transform of the blocked wall pressure, de"ned by

p
s
(k, k

3
, u)"

1

(2p)3 P
=

~=

p
s
(x

1
, x

3
, t)e~*Mkx1`k3x3~utN dx

1
dx

3
dt, (19)

where p
s
(x

1
, x

3
, t),2p

I
(x

1
, h/2, x

3
, t) is the pressure that would be exerted by the

boundary layer on a rigid wall at x
2
"1

2
h, i.e., on the upstream, #at section of the upper

surface of the airfoil. In the frozen approximation it is assumed that measurements of
p
s
(x

1
, x

3
, t) several characteristic hydrodynamic length scales upstream of the trailing edge

are su$cient to determine p
s
(k, k

3
, u).

Then, in equation (12) we "nd

P
=

~=

WK (s(f), 0, u) df"
1

2o
0
u P

=

~=

I(k)p
s
(k, 0, u) dk, (20)

I(k)"G
c.c.Me~kh@2 :=

~=
e~*kzdfN for k'0,

!c.c.MI(!k)N for k(0,
(21)

where &&c.c.'' denotes the complex conjugate. Thus, equations (12) and (1) give the far"eld
sound in the form

p (x, t)+!

k sin1@2t sin (h/2)

J2pc
0
Dx D PP

=

~=

u1@2I(k)p
s
(k, 0, u)e~*u(t~Dx D@c0)`*p@4dk du, Dx DPR.

(22)

The acoustic pressure frequency spectrum U(x, u), which satis"es

Sp2(x, t)T":=
0

U(x, u) du,
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the angle brackets S T denoting an ensemble average, is calculated from equation (22) by
"rst assuming that only a "nite spanwise section !1

2
¸(x

3
(1

2
¸ of the trailing edge is

wetted by the turbulent #ow, where ¸ is much larger than the boundary layer thickness d.
For statistically stationary turbulence,

Sp
s
(k, 0, u)p*

s
(k@, 0, u@ )T+

¸

2p
d (u!u@ )d (k!k@)P (k, 0, u), ¸<d, (23)

where the asterisk represents the complex conjugate, and P (k, k
3
, u),P (!k, k

3
, !u) is

the wavenumber}frequency spectrum of the blocked wall pressure [9]. Then equation (22)
yields

U(x, u)"
k2 sint sin2 (h/2)

2p2 Dx D2
u¸

c
0
P

=

~=

DI(k) D2P(k, 0, u) dk, Dx DPR. (24)

To illustrate predictions of this formula the wall-pressure spectrum will be approximated
by the Corcos formula, which is applicable for ud/;'1 in the immediate neighborhood of
the &&convective ridge'' (where P (k, k

3
, u) attains a large maximum) [10]:

P(k, k
3
, u)"U

pp
(u)

l
1

p[1#l2
1
(k!u/;

c
)2]

l
3

p[1#l2
3
k2
3
]
,

l
1
+9;

c
/u, l

3
+1)4;

c
/u, ;

c
+0)7;. (25)

The lengths l
1

and l
3

are frequency-dependent turbulence correlation scales in the x
1

and
x
3
directions. U

pp
is the point pressure frequency spectrum which will be approximated by the

following empirical formula (based on data collected by Chase [9]):

(;/d
*
)U

pp
(u)

(o
0
v2
*
)2

"

(ud
*
/;)2

[(ud
*
/;)2#a2

p
]3@2

, a
p
"0)12, (26)

where d
*
&d/8 is the boundary layer displacement thickness, and v

*
is the friction velocity.

The principal contribution to the integral in equation (24) is from the immediate vicinity
of the spectral maximum in the convective ridge, where k&u/;

c
. We therefore replaceI(k)

by I (u/;
c
) to obtain

U (x, u)+
k2 sin t sin2(h/2)

2p2 Dx D2
u¸

c
0
KIA

u
;
c
B K

2

P
=

~=

P(k, 0, u) dk

+

0)7¸M
c
k2 sint sin2(h/2)

p3 Dx D2 KI A
u
;
c
B K

2
U

pp
(u), Dx DPR, (27)

where the M
c
";

c
/c

0
is the convection Mach number.
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The integral in equation (21) de"ning I (k) must be evaluated numerically, with z"z(f)
determined by equation (13). ¹hen the acoustic frequency spectrum can be expressed in the
non-dimensional form

(;/d
*
)U (x, u)

(o
0
v2
*
)2

+k2M A
¸d

*
Dx D2B sin t sin2A

h
2B A

u
p;

c
B KI A

u
;
c
B K

2 a
0
(ud

*
/;)

[a2
p
#(ud

*
/;)2]3@2

,

a
0
"0)035, (28)

where M";/c
0

is the Mach number of the main stream, and we have introduced the
approximation ;

c
+0)7;; k is given by equation (16).

The solid curve in Figure 3 is a non-dimensional plot of the acoustic pressure spectrum
for the particular case h"d, when the thickness of the turbulent boundary layer over the
upper surface is just equal to the airfoil thickness h. At very low frequencies (when
uh/;

c
;1) the radiation must be similar to that from the edge of a thin rigid half-plane. In

this limit

I A
u
;

c
B&

e~*p@4

k S
p;

c
u#i0

,
uh

;
c

;1 (29)
Figure 3. Frozen approximation to the edge-noise spectrum (;/d
*
)U(x, u)/[a

0
(o

0
v2
*
)2M(¸d

*
/ Dx D2)

sint sin2 (h/2)] for the rounded edge of Figure 2(a) of thickness h"d when l"4h, and for the rigid half-plane
(h"0).
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and the spectrum becomes identical with that for the half-plane,

(;/d
*
)U(x, u)

(o
0
v2
*
)2

+M A
¸d

*
Dx D2B sin t sin2 A

h
2B

a
0
(ud

*
/;)

[a2
p
#(ud

*
/;)2]3@2

(30)

which is also plotted in Figure 3.
The large di!erence at high frequencies between the half-plane and rounded edge spectra

occurs because, in the frozen approximation the perpendicular stand-o! distance of the
separation streamline from the edge A (where the high-frequency noise is generated) is equal
to the plate thickness h, so that the upwash velocity at the edge is reduced by a factor of
order e~Du Dh@Uc;1 relative to the half-plane.

3.3. FULLY ATTACHED EDGE FLOW

When the turbulent boundary layer remains attached to the curved upper surface of the
airfoil right up to the edge A, as indicated in Figure 4, we write the representation (17) for
WK (x

1
, x

2
, u) on the upper surface in terms of (s, so) in the form

W) (s, so , u)"P
=

~=

A (k u)e*ks~Dk Dso dk, so)0, f(1. (31)

A(k, u) is determined by assuming that the wall-pressure Fourier transform p
s
(k, 0, u) is

de"ned locally on the curved surface, with local statistical properties de"ned as in equations
Figure 4. Predicted edge-noise spectrum (;/d
*
)U (x, u)/[a

0
(o

0
v2
*
)2M (¸d

*
/ Dx D2)sint sin2 (h/2)] for the

rounded edge of Figure 2(a) of thickness h/d"1 and 5, when l"4h. Also shown for comparison are the frozen
and half-plane spectra.
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(23)}(26) that may vary over length scales much larger than the correlation scale of the
turbulence.

This approximation can be used to evaluate the portion :1
~=

WK (s(f), 0, u) df of the
integral in the representation (12) of the sound pressure. On the lower surface of the airfoil
(i.e., for 1(f(#R), we apply a local plane wave approximation to equation (31) by
writing

WK (s, 0, u)"P
=

~=

A(k, u)e*kMs{(f)`h{(f)4*/0N~Dk Dh{(f)#040 dk, so"0, f'1, (32)

where for a point on the lower surface speci"ed by f (1(f(#R), s@(f) is the value of s at
the corresponding point on the upper surface (i.e., where the perpendicular from the lower
surface point meets the upper surface), h@(f) is the airfoil thickness at that point, and 0"0 (f)
is the angle between the so-axis and the x

2
direction at the upper surface point. ¹hus, when

A(k, u) is approximated in terms of the blocked pressure as in equation (18), the far"eld
sound is found to be given by

p (x, t)+
!k sin1@2t sin (h/2)

Dx DJ2pc
0

PP
=

~=

dkdu P
1

~=

sgn(k)Jiup
s
(k, 0, u)e*ks(f)

]C1#A
dfM
df B e*kh{(f1 ) 4*/0M ~Dk Dh{(fM )#040MD e~*u(t~Dx D@c0) df, (33)

where for !R(f(1, fM (f) is the point of intersection with the lower surface of the
perpendicular onto the latter from the point f on the upper surface, so that 1(fM(#R,
and 0M "0(fM ).

Thus, forming the acoustic pressure frequency spectrum, as in section 3.2, we obtain the
following modi"ed form of equation (24):

U(x, u)+
k2 sint sin2(h/2)

2p2 Dx D2
u¸

c
0
P

=

~=

dk PP
1

~=

P(k, 0, u)e*kMs(f)~s(f{)N

]C1#A
dfM
df B e*kh{(f1 )4*/0M~DkDh{(fM )#040M DC1#A

dfM @
df@B e*kh{(f1 )4*/0M {~Dk Dh{(fM )#040M {Ddf df@,

Dx DPR. (34)

We can take account of slow changes (on a scale of the boundary layer thickness d ) in the
mean properties of the boundary layer turbulence with curvilinear distance along the airfoil
by permitting P(k, 0, u) in equation (34) to be a slowly varying function of s"s (f) and
s@"s(f@). The simplest way to do this is to use a modi"ed form of the Corcos approximation
(25) in which the point pressure frequency spectrum U

pp
(u) is replaced by the geometric

mean JU
pp

(s, u)U
pp

(s@, u) of the corresponding spectra at s and s@, namely,

P (k, k
3
, u)"JU

pp
(s, u)U

pp
(s@, u)

l
1

n[1#l2
1
(k!u/;

c
)2]

l
3

n[1#l2
3
k2
3
]
. (35)
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This would be appropriate if variations in the convection velocity ;
c
+0)7; are small

compared with changes in the structure of the point pressure spectrum U
pp

as the trailing
edge is approached. It is necessary to take the geometric mean (as opposed to, say, the
arithmetic mean) to ensure that the right-hand side of equation (34) remains positive
de"nite.

Thus, when the wavenumber integral in equation (34) is evaluated as before, by taking the
"rst term in the expansion about the convective peak at k"u/;

c
, we "nd

U (x, u)+
0)7k2¸M sint sin2(h/2)

p2 Dx D2
DF(u) D2, Dx DPR,

F(u)"P
1

~=

JU
pp

(s, u) C1#A
dfM
df B e*kh{(f1 )4*/0M ~Dk Dh{(fM )#040M D e*ks(f) df. (36)

In the numerical results to be given below we shall ignore the dependence of U
pp

(s, u)
on s. In that case the acoustic pressure spectrum has the form given previously in equation
(28), with

I (k)"sgn(k) P
1

~=
C1#A

dfM
df B e*kh{(f1 )4*/0M ~Dk Dh{(fM )#040M D e*ks(f) df. (37)

This integral must be evaluated numerically. In doing this it has been assumed that the
separation streamline at the edge makes an angle !p/4 with the positive direction of the
x
1
-axis, which is the same as for potential #ow past the airfoil when the Kutta condition is

applied at A (see Part 1). In order to achieve this smooth behavior, we have set 0M "p/4 at
those points very close to A where the geometrical value of the angle actually exceeds p/4.

The acoustic pressure frequency spectrum is given by equation (28). It is plotted in
Figure 4 for h/d"1 and 5. The intensity of the sound decreases as h/d increases, because the
exponential decay of the second term in the square brackets of equation (37) rapidly reduces
the contribution from the lower surface. However, the full e!ect of scattering by the upper
surface is always present, so that the overall reductions with increasing thickness are very
much less than those predicted by the frozen approximation.

3.4. SEPARATED EDGE FLOW

When the boundary layer separates at some intermediate point on the curved section of
the trailing edge (Figure 5) the radiation can be estimated by combining the approximations
of sections 3.2 and 3.3. Let separation occur at x

1
"x

0
(f"f

0
), at the point where the

airfoil thickness is h
0
, and assume that immediately after separation the turbulence convects

in a frozen pattern parallel to the undistrubed mean stream. In the simplest approximation
in which the dependence of U

pp
(s, u) on s is again ignored, the acoustic pressure spectrum

can be set in the form (28), where

I (k)"sgn(k)G P
f0

~=
C1#A

dfM
df B e*kh{(f1 )4*/0M ~Dk Dh{(fM )#040M D e*ks(f) df.

#P
1

f0 Ce~
Dk D$(f)#A

dfM
df B e~Dk Dh0D e*k(s0`x1~x0)dfH , (38)



Figure 5. Predicted edge-noise spectrum (;/d
*
)U (x, u)/[a

0
(o

0
v2
*
)2M (¸d

*
/ Dx D2)sint sin2 (h/2)] for the

rounded edge of Figure 2(a) of thickness h/d"1, l"4h, and for the separated edge #ows of Table 1.

TABLE 1

Separation co-ordinates for a"600, b"86)9370

h
0
/h x

0
/h Curvilinear

distance/h

1 !4 4)19
0)5 !0)97 1)11
0)2 !0)24 0)32
0)1 !0)08 0)13
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where d(f)"h
0
!1

2
h!x

2
(f) (f(1) is the vertical stando! distance of the separation

streamline from the upper surface of the airfoil, and s
0
"s (f

0
). The separation co-ordinate

x
0

and the curvilinear distance of the separation point from the edge are displayed in
Table 1.

Typical acoustic pressure frequency spectra, calculated from the general formula (28), are
illustrated in Figure 5 for the cases of Table 1 when d"h. The contributions at high
frequencies decay very rapidly as the separation point moves upstream from the edge, for
the reasons discussed in section 3.2. The case h

0
/h"1 coincides with the frozen

approximation of section 3.2.
These results (and the frozen approximation of section 3.2) take no account of the sound

generated by turbulence in the &&dead water'' region bounded by the separation streamline
and the curved section of the upper surface between the separation point and the edge.
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4. CONCLUSION

The intensity of the high-frequency sound generated by turbulent #ow past the trailing
edge of an airfoil is signi"cantly reduced if separation occurs upstream of the geometrical
edge. Separated #ow over a curved trailing edge pro"le (Figure 5) can be modelled by
assuming that after separation boundary layer eddies are convected along a path parallel to
the undisturbed mean stream, so that their distance of closest approach to the sharp trailing
edge is just equal to the airfoil thickness at the separation point. The strength of the
unsteady interaction responsible for sound generation then decreases exponentially with
increasing frequency, and predicted levels of edge noise are signi"cantly smaller than
estimates made by modelling the interaction in terms of a rigid half-plane. This conclusion
ignores possible contributions to sound generation from turbulence in the recirculating
zone between the separation streamline and the curved section of the upper surface between
the separation point and the edge, which are probably signi"cant only at much lower
frequencies [2].

When the mean #ow remains attached right up to the trailing edge, boundary layer
turbulence on the suction side of the airfoil always interacts strongly with the edge.
However, because of the "nite thickness of the airfoil, the in#uence of the (turbulence free)
lower surface on the radiated intensity continues to decrease exponentially fast at high
frequencies. In consequence, most of the high-frequency radiation is associated with the
#ow interacting with the upper surface. The sound levels are smaller than for the half-plane
model, but the di!erences at higher frequencies are more modest, typically being of the
order 5}10 dB, the precise values being dependent on the ratio of the boundary layer
thickness to the mean airfoil thickness.
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